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Abstract1

We prove that three planks covering a convex subset of the plane with nonempty interior2

have total relative width at least one. The planks may have parallel directions or zero width.3

The proof reduces a hypothetical counterexample to the convex hull of at most six points.4

Varying the plank boundaries then forces six supporting inequalities, whose slopes satisfy a5

planar compatibility condition. A cubic identity in the three widths completes the proof. We6

also give nonparallel equality examples and describe several consequences for equality.7

1 Introduction8

Bang’s affine plank conjecture asks whether planks covering a convex body have total relative9

width at least one [9]. The relative width of a plank is its width divided by the width of the10

body in the same direction. We prove the conjectured inequality for three planks in the plane.11

For a nonzero vector v ∈ R2, a plank is a set12

P = {x ∈ R2 : α ≤ ⟨v, x⟩ ≤ β}, α ≤ β.13

If C ⊂ R2 is convex with nonempty interior, define14

WC(v) = sup
x,y∈C

⟨v, x − y⟩, rw(P, C) = β − α

WC(v) .15

The factor 1/∥v∥ in each Euclidean width cancels in this ratio. Nonempty interior gives WC(v) > 0;16

when WC(v) = ∞, we set rw(P, C) = 0.17

Theorem 1. Let C ⊂ R2 be convex with nonempty interior. If three planks P0, P1, P2 cover C,18

then19

rw(P0, C) + rw(P1, C) + rw(P2, C) ≥ 1.20

Parallel planks and planks of zero width are allowed. The constant is sharp: for any21

bounded C, divide the region between two parallel supporting lines into three consecutive planks.22

Appendix A gives nonparallel equality covers of a triangle with any prescribed positive relative23

widths summing to one.24

Bang proved that the sum of the ordinary widths of covering planks is at least the minimum25

width of the body, and posed the affine strengthening [9]. Ball [8] established the affine inequality26

for centrally symmetric bodies. The case of coverings in at most two normal directions follows27

from Gardner’s relative-width measures [12]; Akopyan, Karasev and Petrov [3, Section 7] give an28

elementary geometric proof. Hunter [13] treated the two-plank planar case and the three-plank29

triangle case, including an equality calculation. For arbitrarily many planks in Rd, Bakaev and30

∗Assisted by GPT-6 Astra and Claude Fable 5.1.
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Yehudayoff [7] proved the lower bound 2/(1 +
√

d) for the sum of relative widths. Verreault [15,31

Section 2.2.3] surveys the subject.32

Our proof starts from a cover whose total relative width is less than one. At most six points33

suffice to retain this strict inequality. Using the three plank directions as coordinates places their34

convex hull in a plane35

x0 + x1 + x2 = D, 0 ≤ xi ≤ Ri.36

The planks become coordinate intervals, which we call windows. The classical two-plank inequality37

implies that every window lies strictly inside its coordinate range.38

There are eight possible sign patterns for a point outside all three windows. Planar convexity39

allows us to exclude each pattern by a supporting inequality involving two window endpoints, or40

by the plane equation itself. If fewer than six inequalities suffice, the six endpoints can move41

without increasing the total relative width until a window collapses or meets an endpoint of42

its range. This contradicts the two-plank inequality. A count on the cube of sign patterns,43

followed by the removal of redundant inequalities, leaves six supports: three exclude pairs of44

upper exterior halfplanes and three exclude pairs of lower exterior halfplanes.45

The remaining step is numerical. Section 4 proves a width inequality for six supports satisfying46

a condition on their slopes. In Section 5, choosing each admissible slope as close to one as47

possible makes the plane equation imply that condition, completing the proof. Section 6 explains48

the relation to earlier methods. The appendices give equality examples, the finite catalogue of49

cap patterns, and further equality consequences.50

2 Reduction to strict coordinate windows51

We call a cover deficient if its total relative width is less than one. Throughout the proof of52

Theorem 1, we suppose that a deficient cover exists.53

2.1 A finite convex hull and a positive plane equation54

Choose finite numbers 0 < ri < WC(vi) such that
∑

i(βi − αi)/ri < 1. For each i, choose55

pi, qi ∈ C with |⟨vi, pi − qi⟩| > ri. These choices are possible by the definition of the supremum,56

also when some directional widths are infinite. The convex hull of the six chosen points lies in57

C, is covered by the same planks, and remains deficient. Each of its three directional widths is58

positive. The hull need not have interior; only these positive directional ranges are used below.59

This is the reduction to width-realizing points described by Ambrus [5, Section 3, pp. 11–12].60

Approximate extrema suffice because the deficit is strict. From now on we retain these same61

six generators through every affine change of coordinates; all coordinate extrema are attained62

among them.63

Use the three plank normals as coordinate functionals. This follows Ohmann’s coordinate64

reduction [14], as described by Hunter [13, p. 819]. Their linear parts are dependent. Reflect65

coordinates as necessary so that the coefficients in a nonzero dependence are nonnegative.66

Normalize each coordinate range to [0, 1]. We then have67 ∑
i

Aixi = D, Ai ≥ 0,
∑

i

Ai > 0.68

A coordinate interval [ℓi, hi] represents the corresponding plank. Clipping both endpoints to69

[0, 1] preserves coverage and cannot increase the interval’s length.70

We may arrange that every coefficient is positive. If the current total window length is S < 1,71

choose 0 < ε < (1 − S)/12 and set72

yi = xi − ε
∑

j

xj , Bi = (1 − 3ε)Ai + ε
∑

j

Aj .73
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Then Bi > 0 and
∑

i Biyi = (1 − 3ε)D. Since 0 ≤
∑

j xj ≤ 3, the windows [ℓi − 3ε, hi] cover the74

new image. Each new coordinate range has length at least 1 − 3ε, as seen by evaluating at old75

contacts with xi = 1 and xi = 0. Thus the new total relative width is at most76

S + 9ε

1 − 3ε
< 1.77

This perturbation includes parallel and repeated plank directions.78

Absorb the positive coefficients into the coordinates and subtract their minima. Renaming79

the coordinates, we arrive at a finite hull K = conv F , |F | ≤ 6, satisfying80

K ⊂
2∏

i=0
[0, Ri], x0 + x1 + x2 = D, Ri > 0. (1)81

For each i, points of F attain both xi = 0 and xi = Ri; we call them coordinate contacts. They82

need not be distinct. After again clipping the windows to their ranges, the remaining claim is83

K ⊂
2⋃

i=0
{ℓi ≤ xi ≤ hi} =⇒

2∑
i=0

wi

Ri
≥ 1, wi = hi − ℓi. (2)84

Our hypothetical cover still violates this inequality. All subsequent motions of the window85

endpoints keep K fixed.86

2.2 The two-window inequality87

We use Bang’s classical two-plank bound [10], in a form that also applies to affine coordinates on88

a convex set. Other proofs appear in Alexander [4, Theorem 4], Gardner [12, Theorem 1] and89

Hunter [13, pp. 819–820]. We include a proof to make the argument self-contained.90

Lemma 2 (Two windows). Suppose two affine coordinates on a convex set have attained, positive91

ranges. If one window in each coordinate covers the set, the sum of their lengths divided by the92

corresponding range lengths is at least one.93

Proof. Normalize the ranges to [0, 1], clip the windows to that interval, and translate so that94

they are [0, w] and [0, h]. Suppose w + h < 1. Four coordinate contacts of the convex image are95

L = (−a, s0), R = (w + b, t0), B = (p0, −c), T = (q0, h + d),96

where a, b, c, d ≥ 0, a + b = 1 − w and c + d = 1 − h. Let s, t be s0, t0 clipped to [0, h], and let p, q97

be p0, q0 clipped to [0, w]. Coverage of the four segments joining horizontal to vertical contacts98

gives99

ac ≤ ps, bc ≤ (w − p)t, ad ≤ q(h − s), bd ≤ (w − q)(h − t). (3)100

For example, if ac > 0, coverage of L and B puts s0 ∈ [0, h] and p0 ∈ [0, w], so no clipping occurs.101

Along LB, entering the first window must precede leaving the second. Hence a/(a+p) ≤ s/(s+c),102

which gives ac ≤ ps. If ac = 0, that inequality is automatic. Reflections give the other three103

inequalities.104

By Cauchy–Schwarz,105

√
c (a + b) ≤ √

p
√

as +
√

w − p
√

bt ≤
√

w(as + bt).106

Applying the same argument to the upper contacts yields107

c(a + b)2 ≤ w(as + bt), d(a + b)2 ≤ w
(
a(h − s) + b(h − t)

)
. (4)108

Add these inequalities and cancel a + b > 0. We obtain (1 − w)(1 − h) ≤ wh, or w + h ≥ 1, a109

contradiction.110
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2.3 Excluding boundary windows111

The next argument uses the homothetic removal of a boundary plank, as in Chambers and112

Mouillé [11, Section 1], who credit earlier work of Bang and Alexander.113

Lemma 3 (Strict windows). In a deficient cover of K by windows inside its coordinate ranges,114

0 < ℓi < hi < Ri (i = 0, 1, 2).115

Proof. A window of zero width can be removed. Indeed, any point of K on its level hyperplane116

is the limit of points on a segment to a coordinate contact off that hyperplane. Those points117

belong to the other two windows. Their union is closed, so it also contains the limit. Removing118

the zero-width window would contradict Lemma 2.119

Suppose a window has the form [0, hi]. Write b = hi/Ri, and let c be the sum of the other120

two relative widths. Choose b < t < 1 − c and a contact P ∈ K with Pi = Ri. The homothetic121

copy tP + (1 − t)K lies in K and strictly beyond the first window. The other two windows cover122

this copy, on which their total relative width is c/(1 − t) < 1, again contradicting Lemma 2.123

Reflection treats a window ending at Ri.124

3 Six necessary supporting inequalities125

3.1 The cube of exterior signs126

A point outside all three windows has, in each coordinate, sign + if xi > hi and sign − if xi < ℓi.127

These eight sign patterns form the vertices of a cube. We call the intersection of K with one128

exterior halfplane a cap, and the intersection with two exterior halfplanes a pair cap. An empty129

pair cap excludes the two sign patterns on the corresponding cube edge.130

For example, the edge from + − − to + − + represents the pair cap {x0 > h0, x1 < ℓ1} ∩ K.131

The three lower–lower pairs are the edges at − − −, and the three upper–upper pairs are the132

edges at + + +, highlighted below.133

(− − −) (+ − −)

(− + −) (+ + −)

(− − +) (+ − +)

(− + +) (+ + +)

134

The plane equation can itself exclude either constant sign pattern:135 ∑
i

ℓi ≤ D (− − −), D ≤
∑

i

hi (+ + +). (5)136

We use either of these inequalities only when it holds.137

Lemma 4 (Excluding a sign pattern). Every cube vertex is excluded by an empty incident pair138

cap or by the corresponding inequality in (5).139

Proof. Let H0, H1, H2 be the three open exterior halfplanes on x0 + x1 + x2 = D for the sign140

pattern under consideration. If their intersection is empty, the pattern is constant and its141

inequality in (5) holds. To see this, a mixed pattern always meets the plane: send the two142

coordinates with equal signs far in that direction and solve for the third. The all-lower and143

all-upper patterns meet the plane exactly when their respective inequalities fail.144
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Otherwise, choose Q ∈ H0 ∩ H1 ∩ H2. If every pair cap meets K, choose Pi ∈ K in the145

two halfplanes other than Hi. The four planar points Q, P0, P1, P2 have an affine dependence.146

Separating its positive and negative coefficients and normalizing gives a point Z in the convex147

hulls of two disjoint nonempty groups of these points. Each of K, H0, H1, H2 contains all four148

points except possibly one. For each set, one of the two groups omits that exceptional point, so149

convexity puts Z in the set. Thus Z ∈ K ∩ H0 ∩ H1 ∩ H2, contrary to coverage.150

3.2 From empty caps to affine constraints151

Strictness ensures that each individual exterior cap contains a coordinate contact. Consequently152

an empty pair cap can be separated by an inequality with positive coefficients. The following153

separation argument identifies the admissible slopes.154

Lemma 5 (Admissible slopes). Let g, h be affine functions on a convex set K. Suppose each of155

{g > 0} ∩ K and {h > 0} ∩ K is nonempty, while {g > 0, h > 0} ∩ K is empty. The set of c > 0156

for which g + ch ≤ 0 on K is a nonempty closed bounded interval contained in (0, ∞).157

Proof. If p, q ∈ K satisfy g(p) > 0 and h(q) > 0, the segment pq avoids {g > 0, h > 0}. It follows158

that159

h(p) < 0, g(q) < 0, g(p)h(q) ≤ g(q)h(p).160

Indeed, failure of any of these conclusions would place a point of the segment in {g > 0, h > 0}.161

Hence162
g(p)

−h(p) ≤ −g(q)
h(q) .163

Take the supremum of the lower bounds on the left and the infimum of the upper bounds on164

the right. Both sets are nonempty, and every lower bound is at most every upper bound. They165

therefore define an interval [c−, c+] with 0 < c− ≤ c+ < ∞. Points with g, h ≤ 0 impose no166

further restriction, so this is exactly the admissible interval.167

When K = conv F with F finite, it suffices to impose the inequality at the points of F . The168

admissible interval is then determined by finitely many bounds. For a mixed pair, the conclusion169

takes the form170

xi − cxj ≤ hi − cℓj (x ∈ K), c > 0. (6)171

Reflecting one coordinate gives the corresponding upper–upper or lower–lower inequality. Fixing172

c turns (6) into the single affine constraint173

hi − cℓj ≥ max
x∈F

(xi − cxj)174

on the six window endpoints. Thus any selected empty pair cap can be kept empty during175

endpoint motions by imposing one affine inequality. The inequalities in (5) are already affine in176

the endpoints.177

3.3 Endpoint motion and the cube count178

Write the endpoints as B = (ℓ0, ℓ1, ℓ2, h0, h1, h2). Total relative width is a linear function of B.179

Lemma 6 (Six constraints are necessary). Suppose m affine inequalities hold at a strict deficient180

cover and guarantee coverage whenever the windows are strict. Then m ≥ 6.181

Proof. If m < 6, the linear parts of the inequalities have a nonzero common kernel vector d.182

Choose its sign so that total relative width does not increase along B+td, t ≥ 0. All m constraints183

remain satisfied. Move until the first boundary of the region 0 < ℓi < hi < Ri; this takes finite184

time because that region is bounded.185
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At the limiting endpoints the windows remain ordered and lie inside their ranges. They still186

cover K: for each fixed point of K, membership in at least one of the three closed windows187

is preserved in the limit. Their total relative width is still less than one. This contradicts188

Lemma 3.189

By Lemma 4, the available empty edges and the available constant vertices cover the cube.190

Choose an inclusion-minimal such cover. Its selections are the chosen edges and singleton vertices.191

A full star is the set of three edges incident to one vertex.192

Lemma 7 (Cube count). An inclusion-minimal cover of the cube by edges and, possibly, its two193

constant vertices has at most six selections. If it has six, then either both constant vertices are194

selected, both constant full stars are selected, or a mixed full star is selected.195

Proof. Each selected edge has an endpoint belonging to no other selection. The selected edges196

therefore form disjoint stars, and selected singleton vertices are isolated. If there are c stars and197

k ≤ 2 singletons, the stars contain 8 − k vertices and 8 − k − c edges. There are 8 − c selections.198

A star has at most four vertices, so c ≥ 2.199

Six selections mean c = 2. Unless k = 2, the stars contain at least seven vertices, so one is200

full. If its center is constant, its leaves cannot meet any other selected edge. The three vertices201

at distance two must then be covered by the opposite full star. Otherwise the full star has a202

mixed center.203

Proposition 8 (The six same-sign pairs). In a deficient cover, all three lower–lower pair caps204

and all three upper–upper pair caps are empty.205

Proof. For each selection in a minimal cube cover, keep its pair cap empty by fixing an admissible206

support, or retain its plane inequality. These affine constraints preserve coverage. Lemmas 6207

and 7 force exactly six selections.208

Suppose first that both constant vertices are selected. Minimality keeps the four selected209

edges away from those vertices. They cover the six mixed vertices, so two edges meet. Both210

are mixed edges. A mixed full star also contains two incident mixed edges. After permuting211

coordinates and possibly reflecting all three, either situation gives the empty pair caps212

{x0 > h0, x1 < ℓ1} ∩ K, {x0 > h0, x2 < ℓ2} ∩ K.213

At any strict windows preserving these exclusions, a contact with x0 = R0 > h0 has x1 ≥ ℓ1 and214

x2 ≥ ℓ2. The plane equation therefore gives215

ℓ0 + ℓ1 + ℓ2 < D. (7)216

If both constant vertices were selected, their lower plane constraint is redundant by (7); delete217

it. If a mixed full star was selected, delete its lower–lower edge. One endpoint, − − −, is excluded218

by (7), and the other, + − −, is excluded by the two mixed edges. In either case five affine219

constraints still preserve coverage throughout the strict-window region, contradicting Lemma 6.220

The cube count leaves only the two constant full stars. Their six selected edges are exactly221

the six same-sign pairs.222

4 A width inequality for six supports223

We now isolate the numerical step. It uses only supporting inequalities and coordinate contacts;224

no convexity or plane equation is needed. In this and the next section, indices are cyclic, with225

j = i + 1 and k = i − 1 modulo three.226
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Lemma 9 (Six-support inequality). Let Ri > 0, and let K ⊂ R3 contain a point with xi = 0227

and a point with xi = Ri for each i. Suppose ℓi ≤ hi and positive numbers ai, bi satisfy228

xi + aixj ≤ hi + aihj , xi + bixj ≥ ℓi + biℓj (x ∈ K). (8)229

If, for every cyclic index,230

aj(1 − bi) ≤ 1, bj(1 − ai) ≤ 1, (9)231

then
∑

i(hi − ℓi)/Ri ≥ 1.232

Proof. We first bound each coordinate range using the supports, and then combine the three233

bounds by a cubic identity.234

Bounds from the coordinate contacts. Put wi = hi − ℓi, ui = Ri − hi, and235

DL,i = 1 + biajbk, DU,i = 1 + aibjak, Ei = DL,iDU,i > 0.236

At a contact with xi = 0, the lower inequality for (i, j), the upper one for (j, k) and the lower237

one for (k, i) give238

ℓi ≤ bi(xj − ℓj) ≤ bi
(
wj + aj(hk − xk)

)
≤ bi

(
wj + ajwk − ajbkℓi

)
.

239

Rearranging, and reflecting for the contact at xi = Ri, we obtain240

DL,iℓi ≤ bi(wj + ajwk), DU,iui ≤ ai(wj + bjwk). (10)241

Multiplying by DU,i and DL,i respectively, adding, and using Ri = wi + ℓi + ui, we obtain242

EiRi ≤ Si = Eiwi + Fiwj + Hiwk,243

where244

Fi = biDU,i + aiDL,i, Hi = biajDU,i + aibjDL,i.245

All three coefficients in each Si are positive.246

The coefficient identities. The slope conditions give nonnegative numbers247

qi = 1 − aj + ajbi, ri = 1 − bj + bjai.248

Define249

G =
2∏

i=0
qi +

2∏
i=0

ri +
2∑

i=0
(ak + bk)qiri ≥ 0. (11)250

Writing A =
∏

i ai, B =
∏

i bi and δ = AB − 1, expansion gives251

G = 2(A − 1)(B − 1) +
∏

i

(ai + bi). (12)252

The definitions of Ei, Fi, Hi also give253

EiEj − FiHj = δ2,

2
∏

i

Ei −
∏

i

Fi −
∏

i

Hi = δ2G. (13)254
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The cubic identity. Expand in w0, w1, w2. The pure cubes cancel, and the remaining terms255

group as256 ∑
i

EiwiSjSk −
∏

i

Si =
∑

i

(EjEk − FjHk)(Si − Eiwi)wjwk

+
(

2
∏

i

Ei −
∏

i

Fi −
∏

i

Hi

)∏
i

wi.
257

Substitution of (13) yields258

∑
i

EiwiSjSk −
∏

i

Si = δ2
[∑

i

(Si − Eiwi)wjwk + G
∏

i

wi

]
≥ 0. (14)259

Every term on the right is nonnegative. Since Si ≥ EiRi > 0, division by
∏

i Si gives260

1 ≤
∑

i

Eiwi

Si
≤
∑

i

wi

Ri
.261

We divide by neither a window width nor δ, so the argument includes zero widths and AB = 1.262

5 The planar slope condition263

Return to the deficient cover of the finite hull in (1). Proposition 8 makes all six same-sign pair264

caps empty. By Lemma 5, each has an interval of admissible positive slopes. For each upper265

and lower support, choose the slope in this interval nearest to one, obtaining (8). We show that266

these choices satisfy (9). Figure 1 illustrates the two contacts used in the comparison.267

Consider aj(1 − bi) ≤ 1. It holds immediately if aj ≤ 1 or bi ≥ 1. Otherwise aj > 1 and268

bi < 1. Because aj cannot decrease toward one, an inequality at some P ∈ F must be an equality269

and prevent that decrease. Thus270

Pj + ajPk = hj + ajhk, Pj > hj .271

Similarly, increasing bi toward one is prevented by a point Q ∈ F with272

Qi + biQj = ℓi + biℓj , Qj < ℓj .273

These contacts exist because the admissible intervals are defined by finitely many inequalities.274

Set275

d = Pj − Qj > 0, u = Pi − Qi, v = Qk − Pk.276

Evaluate the upper support at Q and the lower support at P , then subtract the corresponding277

equalities. This gives278

ajv ≤ d, −bid ≤ u.279

The plane equation gives u + d = v, and hence280

aj(1 − bi)d ≤ aj(u + d) = ajv ≤ d.281

Canceling d > 0 proves the required inequality. The reflection xi 7→ Ri − xi exchanges upper282

and lower supports and preserves the form of the plane equation. Applying the same argument283

proves bj(1 − ai) ≤ 1.284

Completion of the proof of Theorem 1. The chosen slopes satisfy the hypotheses of Lemma 9.285

It gives
∑

i wi/Ri ≥ 1, contradicting the deficient cover. The reductions of Section 2 turn any286

counterexample to the theorem into such a cover, so the theorem follows.287
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K

upper support

lower support

xj

xk

ℓj hj

P

Q

Figure 1: The contacts that prevent the two slopes from moving toward one. The upper
support meets P with Pj > hj , and the lower support meets Q with Qj < ℓj . In this example,
xi + xj + xk = 3, the vertices in (xj , xk) coordinates are (2, 1), (0, 2), (1, 0), all windows are
[3/5, 7/5], and the chosen slopes are aj = 3/2 and bi = 2/3.

6 Remarks on the method288

The proof separates a planar geometric step from an algebraic inequality. Planarity enters289

when three exterior halfplanes are reduced to pair exclusions, and again when the relation290

u + d = v compares the two supporting slopes. Lemma 9 itself needs only the six supports and291

their coordinate contacts. Thus the numerical inequality applies more generally, although the292

argument that produces its slope conditions uses the plane equation.293

The finite reduction of Ambrus [5] and the replacement and deletion arguments of Akopyan,294

Karasev and Petrov [3, Section 7] guided this approach. Here fixing a support makes the295

dependence on the window endpoints affine. The endpoint motion and cube count reduce the296

covering problem to the six same-sign pairs.297

Other formulations help explain the need to retain the positions of the windows. A probability298

measure with uniform projections in the three plank directions would prove the inequality at299

once, but Gardner’s triangle example [12, Example 1] shows that such a measure need not exist.300

Aharoni, Holzman, Krivelevich and Meshulam [1] show that fractional plank coverings of the301

coordinate simplex can have cost below one. These obstructions guided the use of actual covering302

intervals. Ball’s matrix symmetrization [8, Lemma 4] and Ambrus’s contact-pair selection303

theorem [6, Theorem 2] also informed the search for supporting data. The latter requires a304

symmetry condition on the chosen pairs; our slope comparison instead follows from their common305

plane.306

Two geometric reductions were useful to consider, but do not directly give the required307

fixed-count covering statement. Alexander [4, Theorem 2] relates the affine plank conjecture308

to homothetic copies of a convex body avoiding prescribed lines. His equivalence concerns all309

numbers of planks, and its converse uses subdivision; a statement about three lines alone does not310

imply the three-plank inequality with unequal widths. Akopyan and Karasev [2, Theorem 4.2]311

prove the analogous relative-inradius inequality for convex partitions in the plane. As they note312

in their Section 5, a plank cover need not contain such a partition. The proof here works directly313

with the covering condition.314

A Equality covers of a triangle315

The sharp constant in Theorem 1 can be attained with three distinct directions. Hunter’s316

triangle calculation [13, pp. 820–821] gives an earlier study of equality. The construction below317
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is parametrized by an interior point and realizes every positive triple of relative widths summing318

to one. Indices in this appendix are cyclic modulo three. Figure 2 shows one example.319

O

V0 V1

V2

w0 = 1/5

O

V0 V1

V2

w1 = 3/10

O

V0 V1

V2

w2 = 1/2

Figure 2: An equality cover with relative widths 1/5, 3/10 and 1/2. Each panel shows one plank.
The chosen point O has barycentric coordinates (15, 10, 6)/31; the dashed line OVi is parallel to
the corresponding plank.

Proposition 10. Let ti be barycentric coordinates on a nondegenerate triangle with vertices Vi.320

Choose pi > 0 with
∑

i pi = 1, and set321

O =
∑

i

piVi, T = p0p1 + p1p2 + p2p0, yi = Tti

pi
.322

For j = i + 1 and k = i − 1, the three planks323

Pi = {−pj ≤ yj − yk ≤ pk}324

cover the triangle and have relative widths wi = pjpk/T , whose sum is one. The boundaries of325

Pi are parallel to OVi. The three directions are distinct, and each window lies strictly inside its326

directional range.327

Proof. The range of yj − yk is [−T/pk, T/pj ], so the relative width of Pi is328

pj + pk

T/pj + T/pk
= pjpk

T
.329

Since T > pjpk, the window endpoints are strictly inside the range. The affine function yj − yk330

vanishes at both O and Vi. Its level lines are therefore parallel to OVi, and the three directions331

are distinct because O is interior.332

Suppose a point of the triangle misses all three planks. Relabel so that y0 ≤ y1 ≤ y2;333

exchanging the two indices of a pair leaves its plank unchanged. Missing P2 and P0 now gives334

y1 > y0 + p0 and y2 > y1 + p1. Since y0 ≥ 0,335

T =
∑

i

piyi > p1p0 + p2(p0 + p1) = T,336

a contradiction.337

For any prescribed wi > 0 with
∑

i wi = 1, choose338

pi = 1/wi

1/w0 + 1/w1 + 1/w2
= wi+1wi−1

w0w1 + w1w2 + w2w0
. (15)339

Then pjpk/T = wi. The map taking a positive normalized triple to its normalized reciprocals is340

an involution. Thus the interior point O and the relative widths give equivalent parametrizations341

of this family.342
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The equal-width case also illustrates the contacts considered in Appendix C. For wi = 1/3,343

introduce range coordinates xi = (1 + ti+1 − ti−1)/2. Then344

K = conv{(0, 1, 1
2), (1

2 , 0, 1), (1, 1
2 , 0)}, [ℓi, hi] = [1

3 , 2
3 ].345

In the coordinates zi = 3xi − 1, the windows are [0, 1] and
∑

i zi = 3/2. If ei are the coordinate346

unit vectors, the lower and upper pair contacts are347

Li = 3
2ei, Ui = (1, 1, 1) − 3

2ei.348

Each lies on a side of the triangle, as shown in Figure 3.349

K

L0

U0 L1

U1

L2 U2

Figure 3: The six pair contacts when all relative widths are 1/3. Each Li fixes the other two
coordinates at the lower window endpoints; each Ui fixes them at the upper endpoints. Each
side of K contains two contacts, at one-third and two-thirds of its length. The dashed triangles
join the lower contacts and the upper contacts, respectively.

B The six-cycle of cap patterns350

Removing the two constant vertices from the sign cube leaves a cycle of length six. On this cycle,351

a same-sign pair cap excludes one vertex, while a mixed pair cap excludes two adjacent vertices.352

We call a selection of such vertices and edges a cap pattern. This is terminology for the finite353

catalogue below.354

Number the mixed sign patterns in cyclic order as follows. The symbol Sn denotes the355

same-sign pair cap associated with vertex n, and En denotes the mixed pair cap associated with356

the edge from n to n + 1, with indices modulo six. All the displayed sets are intersected with K.357

Node Signs Same-sign pair cap Sn Mixed pair cap En

0 + − − x1 < ℓ1, x2 < ℓ2 x0 > h0, x1 < ℓ1
1 + − + x0 > h0, x2 > h2 x2 > h2, x1 < ℓ1
2 − − + x0 < ℓ0, x1 < ℓ1 x2 > h2, x0 < ℓ0
3 − + + x1 > h1, x2 > h2 x1 > h1, x0 < ℓ0
4 − + − x0 < ℓ0, x2 < ℓ2 x1 > h1, x2 < ℓ2
5 + + − x0 > h0, x1 > h1 x0 > h0, x2 < ℓ2

358

A pattern is a cover of this cycle by selected vertices and edges. It is minimal if no selected359

element can be removed while preserving coverage. This combinatorial condition does not assert360

geometric realizability. In a covering argument, the two constant sign patterns must also be361

excluded.362

Proposition 11. Up to rotations and reflections of the six-cycle, the minimal cap patterns are363

the eight families in the following table. There are 39 labelled minimal patterns.364
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Pattern Selected vertices Selected edges Size Orbit size

A 0, 1, 2, 3, 4, 5 none 6 1
B 2, 3, 4, 5 0 5 6
C 3, 4, 5 0, 1 5 6
D 4, 5 0, 2 4 6
E 2, 5 0, 3 4 3
F 5 0, 1, 3 4 12
G none 0, 2, 4 3 2
H none 0, 1, 3, 4 4 3

Total 39

365

Proof. A selected vertex cannot be incident to a selected edge: it would be redundant. Every366

vertex incident to no selected edge must, however, be selected. Thus the edge set determines the367

selected vertices uniquely.368

A selected edge is redundant exactly when both neighboring edges are selected. Admissible369

edge sets are therefore precisely those containing no three cyclically consecutive edges. Conversely,370

for any such edge set, adding exactly the uncovered vertices gives a minimal pattern: each selected371

element covers a vertex that no other selected element covers.372

Classify these edge sets by size. Zero or one edge gives A or B, with one or six labelled373

choices. Two edges are adjacent, at distance two, or opposite, giving C, D or E, with six, six or374

three choices.375

Three edges either alternate, giving the two patterns of G, or consist of an adjacent pair and376

an isolated edge. There are six choices of the pair and two positions for the isolated edge, giving377

the twelve patterns of F; reflection exchanges those two positions. With four selected edges, the378

two omitted edges must be opposite, giving the three patterns of H. Five or six selected edges379

necessarily include three consecutive edges. The list is exhaustive, and its sizes sum to380

1 + 6 + 6 + 6 + 3 + 12 + 2 + 3 = 39.381

382

Figure 4 shows the representatives. Pattern A is the six same-sign pairs forced by Proposition 8;383

pattern C will be used in Appendix C.384

0

1

2

3

4

5

A

0

1

2

3

4

5

B

0

1

2

3

4

5

C

0

1

2

3

4

5

D

0

1

2

3

4

5

E

0

1

2

3

4

5

F

0

1

2

3

4

5

G

0

1

2

3

4

5

H

Figure 4: The eight minimal cap patterns on the cycle of mixed signs. A filled vertex selects the
same-sign pair cap Si, and a thick edge selects the mixed pair cap Ei. Every vertex is selected or
incident to a selected edge. These are combinatorial diagrams, not drawings of the covered set.
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C Consequences for equality385

We record three consequences of the proof for equality covers. They describe equality in the386

numerical inequality, exclude one mixed cap pattern, and give an endpoint motion for covers387

with six empty same-sign pairs. They do not constitute a classification of all geometric equality388

covers.389

For this purpose it is convenient to normalize each coordinate range to [0, 1]. Dividing the390

coordinates in (1) by Ri gives391

K ⊂ [0, 1]3,
∑

i

λixi = D, λi > 0, (16)392

where every coordinate attains both zero and one. Window lengths are now relative widths.393

Indices below are cyclic modulo three.394

C.1 Equality in the six-support inequality395

Use the notation of Section 4, and define the matrix N by396

(Nx)i = Eixi + Fixj + Hixk.397

Its three principal 2 × 2 minors are the expressions EiEj − FiHj in (13), so all equal δ2. The398

products A, B and the expression G in (12) are unchanged by rescaling the coordinate ranges to399

one.400

Proposition 12. Suppose the six positive-slope supports (8) hold on a set meeting xi = 0 and401

xi = 1 for every i. If G ≥ 0, every wi > 0, and
∑

i wi = 1, then402

AB = 1, Si = Ei, Nij = Ei for all i, j. (17)403

All six coordinate-contact inequalities in (10) are equalities.404

Proof. Because Fi, Hi, wj , wk > 0, Si −Eiwi = Fiwj +Hiwk > 0. The bracket in (14) is therefore405

strictly positive. Equality in406

1 ≤
∑

i

Eiwi

Si
≤
∑

i

wi = 1407

forces δ = 0 and Si = Ei for every i.408

Set mij = Nij/Ei. The vanishing principal minors give mijmji = 1, while the equalities409

Si = Ei give
∑

j mijwj = 1. Hence410 ∑
i,j

wiwj(mij + mji − 2) = 0. (18)411

Each summand is nonnegative, since a positive number and its reciprocal have sum at least two.412

All weights are positive, so mij = 1 for every pair. This proves (17). Finally, Si − Ei is a positive413

weighted sum of the two nonnegative differences in (10). Both differences must vanish.414

The reciprocal-pair argument in (18) works in any finite matrix size: positive weights of total415

one, reciprocal positive entries, and row sums weighted by those weights equal to one force every416

entry to be one.417
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C.2 A mixed pattern forces strict inequality418

Pattern C in Appendix B consists of the three same-sign caps S3, S4, S5 and the two mixed caps419

E0, E1. The next proposition excludes equality for this pattern under a nondegenerate plane420

relation.421

Proposition 13. Let K ⊂ [0, 1]3 be convex and attain zero and one in every coordinate.422

Suppose 0 < ℓi < hi < 1 and the five caps S3, S4, S5, E0, E1 are empty. If K lies in a plane423

A0x0 + A1x1 + A2x2 = D with A1 ̸= 0, then
∑

i(hi − ℓi) > 1.424

Proof. Lemma 5 gives positive numbers a0, a1, b, c, d such that425

x0 + a0x1 ≤ h0 + a0h1, x1 + a1x2 ≤ h1 + a1h2,

x2 + bx0 ≥ ℓ2 + bℓ0, x0 − cx1 ≤ h0 − cℓ1,

x2 − dx1 ≤ h2 − dℓ1.

426

Put wi = hi − ℓi and ui = 1 − hi. Combining these inequalities at the six coordinate contacts427

gives428

bℓ0 ≤ w2 + d

1 + a1d
w1, u0 ≤ a0c

a0 + c
w1,

ℓ1 ≤ bw0 + w2
d + bc

, u1 ≤ a1(bw0 + w2)
1 + a0a1b

,

ℓ2 ≤ bw0 + ba0c

a0 + c
w1, u2 ≤ d

1 + a1d
w1.

429

For example, at x1 = 0 the two mixed inequalities bound x0 and x2 above; the lower inequality430

then gives the bound for ℓ1. At x1 = 1, the two upper inequalities and the lower inequality give431

the bound for u1. The other four bounds follow by eliminating the remaining coordinate in the432

same way.433

Set434

Q = ba0c

a0 + c
+ d

1 + a1d
, V = 1

d + bc
+ a1

1 + a0a1b
.435

Adding the bounds for ℓi and ui and using 1 = wi + ℓi + ui yields436

1 ≤ w0 + Q

b
w1 + 1

b
w2, 1 ≤ w1 + V w2 + bV w0, 1 ≤ w2 + bw0 + Qw1.437

The identity438

1 − QV = b(a0a1d − c)2

(a0 + c)(1 + a1d)(d + bc)(1 + a0a1b) ≥ 0439

controls the product of the two coefficients. Let T = bw0 + Qw1 + w2 > 0. The first and third440

range bounds give T ≥ b, 1, and the second gives441

Q ≤ Qw1 + QV (w2 + bw0) ≤ T.442

It follows that T = bw0 + Qw1 + w2 ≤ T (w0 + w1 + w2), proving the non-strict inequality.443

Suppose equality holds. The sum444

w0(T − b) + w1(T − Q) + w2(T − 1) = 0445

has nonnegative terms and strictly positive weights. Therefore b = Q = T = 1. The middle range446

bound and QV ≤ 1 force V = 1, and the square identity gives c = a0a1d.447

The bounds at x1 = 0, 1 now read448

ℓ1(d + c) ≤ w0 + w2, u1(1 + a0a1) ≤ a1(w0 + w2).449
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After division by their positive factors, their right sides sum to V (w0 + w2) = ℓ1 + u1. Thus both450

are equalities. Since c = a0a1d, we obtain u1 = a1dℓ1. Write451

X = h0 − cℓ1, Z = h2 − dℓ1.452

The first equality gives X + Z = ℓ0 + ℓ2. At x1 = 0, the mixed inequalities give x0 ≤ X and453

x2 ≤ Z. At x1 = 1, the two upper inequalities give the same bounds, using u1 = a1dℓ1. In both454

cases the lower inequality gives x0 + x2 ≥ ℓ0 + ℓ2 = X + Z. The two coordinate contacts are455

therefore (X, 0, Z) and (X, 1, Z). Their plane equations imply A1 = 0, a contradiction.456

C.3 Moving a same-sign equality cover to the boundary457

We now keep the endpoints of a given equality cover and ask whether its six same-sign pairs touch458

K at their corners. A window in the normalized range [0, 1] is anchored if its lower endpoint is459

zero or its upper endpoint is one. The motion below either gives all six original pair contacts or460

produces an anchored equality cover. We first need a two-window equality lemma.461

Lemma 14 (An upper corner in a two-window equality cover). Let two affine coordinates X, Y462

on a convex set K have minimum zero and maximum one, both attained. Suppose the windows463

[l, u] and [m, v] cover K, where464

0 < l < u ≤ 1, 0 < m < v ≤ 1, (u − l) + (v − m) = 1.465

Then (u, v) ∈ (X, Y )(K), unless u = v = 1 and466

X + Y ≥ 1 on K, (0, 1), (1, 0) ∈ (X, Y )(K).467

Proof. First suppose u, v < 1. Use the translated contacts from Lemma 2, with w = u − l468

and h = v − m. Equality w + h = 1 makes both Cauchy–Schwarz bounds in (4) equalities.469

All four distances a, b, c, d are positive, so equality also holds in the upper corner estimate:470

bd = (w − q)(h − t). The contacts R = (w + b, t) and T = (q, h + d) are unchanged by clipping,471

because b, d > 0. At parameter θ = b/(b + w − q), their segment has472

x = w, y − h = bd − (w − q)(h − t)
b + w − q

= 0.473

Here q < w and 0 < θ < 1. Translating back gives (u, v) ∈ (X, Y )(K).474

It remains to treat u = 1; the case v = 1 is symmetric. Now v − m = l. The cap X < l lies in475

m ≤ Y ≤ v. Applying Lemma 5 to its two excluded corners gives t, s ≥ 0 with476

m + tl ≤ Y + tX, Y − sX ≤ v − sl on K.477

When v = 1, the second inequality holds with s = 0. At contacts with Y = 0, Y = 1 and X = 0478

respectively,479

m ≤ t(1 − l), 1 − v ≤ s(1 − l), (t + s)l ≤ v − m = l.480

Adding the first two gives t + s ≥ 1, while the third gives t + s ≤ 1. Hence s = 1 − t, m = (1 − l)t,481

and the supporting inequalities become482

t(1 − X) ≤ Y ≤ t + (1 − t)X.483

We have t > 0 because m > 0. If t < 1, contacts with Y = 0 and Y = 1 both have X = 1, and484

their segment contains (1, v). If t = 1, then v = 1 and X + Y ≥ 1. The contacts with X = 0 and485

Y = 0 give (0, 1) and (1, 0).486
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Proposition 15. Let K be compact and convex, satisfy (16), and attain zero and one in every487

coordinate. Suppose windows 0 < ℓi < hi < 1 cover K, have total width one, and have all six488

same-sign pair caps empty. Then either489

K ∩ {xi = ℓi, xj = ℓj} ≠ ∅, K ∩ {xi = hi, xj = hj} ≠ ∅ (i ̸= j),490

or K has another cover with all six same-sign pair caps empty, total width one, all widths positive,491

and at least one anchored window.492

Proof. Choose positive slopes ai, bi for the six supports in (8). Among windows with these six493

pair caps empty, the original cover minimizes total width: the six exclusions guarantee coverage,494

and (2), after rescaling the coordinates, gives a lower bound of one.495

For the upper supports, set496

Ni(a) = 1 − ai−1 + ai−1ai+1.497

Change (hi, hi+1, hi−1) in the direction (1, ai+1ai−1, −ai−1). The right sides of the other two498

upper inequalities stay fixed, and the right side of upper inequality i increases at rate 1+
∏

k ak > 0.499

Lower endpoints remain fixed. A sufficiently small positive motion therefore preserves strictness500

and coverage. Its rate of change of total width is Ni(a), so minimality gives Ni(a) ≥ 0.501

If K does not meet the pair corner xi = hi, xi+1 = hi+1, the corresponding closed pair cap is502

empty. Indeed, positivity of its supporting coefficients forces every point of that closed cap to503

have both coordinates equal to their endpoints. Compactness then keeps the closed cap empty504

under small endpoint changes. Both signs of the motion are feasible, so Ni(a) = 0. Reflection505

gives the same conclusions for Ni(b). Thus, if all six coefficients are positive, all six original pair506

corners meet K.507

Otherwise, after cyclic relabelling and global reflection, assume N0(a) = 1 − a2 + a2a1 = 0.508

Keep the lower endpoints fixed and move the upper endpoints to509

H = h + t(1, a1a2, −a2), t = min
{

1 − h0,
1 − h1
a1a2

,
h2 − ℓ2

a2

}
> 0.510

The supports remain valid and total width remains one. The new windows are ordered and511

contained in [0, 1], and either H0 = 1, H1 = 1, or H2 = ℓ2.512

We show that the third alternative is impossible. If H2 = ℓ2, delete this zero-width window513

by the closedness argument in Lemma 3. Apply Lemma 14 to the two remaining windows. A514

point with (x0, x1) = (H0, H1) contradicts the original empty upper pair cap, since H0 > h0 and515

H1 > h1.516

In the exceptional case, x0 + x1 ≥ 1 on K, and both (0, 1) and (1, 0) occur in its first two517

coordinates. At a contact with x2 = 1, the plane equation gives518

D − λ2 = λ0x0 + λ1x1 ≥ min{λ0, λ1}.519

At whichever of the two axis contacts has the smaller coefficient, the same equation forces x2 ≥ 1,520

hence x2 = 1. This produces (1, 0, 1) or (0, 1, 1) in K, again contradicting an original strict upper521

pair cap. Thus the third width stays positive, including when several boundary conditions might522

be reached at once. An upper endpoint must reach one. Reflection treats a zero coefficient in the523

lower supports.524

The local motion and the missing-corner argument use no plane equation. The positive plane525

relation is needed to rule out the exceptional two-window limit and thereby keep all three widths526

positive.527
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